A SUFFICIENT CONDITION FOR FINITE TIME BLOW UP OF 
THE NONLINEAR KLEIN-GORDON EQUATIONS WITH 
ARBITRARILY POSITIVE INITIAL ENERGY 

YANJIN WANG 

Abstract. In this paper we consider the nonexistence of global solutions of 
a Klein-Gordon equation of the form 

u tt - An + m 2 u = f(u) (t, x) 6 [0, T) X R". 

Here m ^ and the nonlinear power f(u) satisfies some assumptions which 
will be stated later. We give a sufficient condition on the initial datum with 
arbitrarily high initial energy such that the solution of the above Klein-Gordon 
equation blows up in a finite time. 



1. Introduction 

This paper studies the nonexistence of global solutions of the nonlinear Klein- 
Gordon equation 

( u tt - Au + m 2 u = f(u), (t, x) e [0, T) X R" 

(1.1) I u(0,x) =u (x), iel" 
[ u t (0,x) =ui(x), xeW 1 

where A is Laplacian operator on R™ (n > 1), uq(x) and Ui(x) are real valued func- 
tions, m ^ is a real constant, the right hand side f(u) is a real- valued, nonlinear 
function of u. Without loss of generality, we may assume m = 1 throughout the 
paper. 

The above problem has various applications in the area of nonlinear optics, 
plasma physics, fluid mechanics, etc. There is a literature on the Cauchy problem 
for the equation (see, for instance, [3] [5] [6] [7] [13] [M] [15] [16] and the papers 

cited therein). The results about the blow up properties for the local solution of 
the equation (jl.ip are investigated by [1] [8] [12] [15] [16] . For the typical form of the 
nonlinear power, f(u) — \u\ p ~ 1 u with 1 < p < 2d^| (n > 2), we refer the result [TB] 
to readers, which established a sharp condition for the global existence and blow up 
of the solution of the Klein-Gordon equation (jl.ip . But in [16] , the initial energy 
had an upper bound. This motivates us to consider the problem how about the 
solution when the initial energy is arbitrarily large. 

In the paper we investigate the above problem for the equation (jl.ip with the 
nonlinear power f(u) which satisfies that there exists e > such that for any s G R, 

(1.2) f(s)s>(2 + e)F(s), 
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where F(s) = 




For the above nonlinear power, the nonexistence of the global solution of an 
abstract wave equation (including the Klein-Gordon equation) was established in 
[5j when the initial energy was negative. However until recently there has been 
very little work on the global existence and global nonexistence of the solutions 
of the initial value problem for Klein-Gordon equations when the initial energy is 
arbitrarily high. 

The purpose of this paper is to establish a sufficient condition of the initial datum 
with arbitrarily high initial energy such that the corresponding local solution of the 
nonlinear Klein-Gordon equation (jl.ip blows up in a finite time. As far as we know, 
this is the first blow up result for the Klein-Gordon equations with arbitrarily high 
initial energy on the whole space R™. Our proof is based on the concavity method 
which firstly introduced by Levine [8J[9J. We note that our proof is very simple, 
and it can be applied to some other equations. 

Here we also refer the result [TU] to readers. Levine and Todorova [10] studied a 
damped wave equation in the following form 

( u tt + a\u t \ p - 1 u t -Au= &|«| p - 1 u - q(xfu in [0, T) x R n 
(1.3) < u(0,x) = u (x) in R" 
[ «t(0,af) = ux{x) in R" 

where a, b > 0, p > 1, and q{x) 2 > 0. They proved the existence of the initial datum 
with arbitrarily high initial energy such that the solution blows up in a finite time 
when 1 < p < p. More recently, for the case, p = 1 and q{x) = 0, when the initial 
energy is arbitrarily high, Gazzola and Squassina 4J have obtained the blow up 
result on an open bounded Lipschitz subset of R ra . We note that their proof cannot 
be extended to the whole space R™. Our proof can be easily adapted to the damped 
wave equation (|1.3p with p = 1 and q(x) = m ^ 0. In the paper we will not discuss 
it in detail but will make some remarks. 

The paper is organized as follows. Section 2 introduces some notations and 
known result, and states our main result. In Section 3 we prove the main result 
based on a concavity argument. We make some remarks in the last section. 



2. Preliminary and main result 

Before we state the main result, we introduce some notations. We denote by 
|| • || g the L q (R n ) norm for 1 < q < oo, and we define the spaces: iJ 1 (R") = {u G 
i 2 (M"); ||u||hmr») = 11(1 - A) 1 ^^ < oo}, and H%(R n ) = {u E H 1 ^); supp( M ) 
is compact in R n }. For simplicity we will denote L„ by J. The notation t — » T~ 
means t < T and t — > T. 

We first state the result of the local existence established in [3] 

Theorem 2.1. Let the initial data (u ,ui) G 7Jq(R") x L 2 (R"), and let f satisfy 
the following conditions: f(0) = and 

(2.1) |/(Ai) - /(A 2 )| < cdAxT 1 + lAar 1 )^ - A 2 | 

for all Ai, Ag € R and some constant c > ? and 

fi 

(2.2) Kp< if n > 3; 1< p < oo if n = 1, 2. 
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Then there is a unique local solution u(t,x) of the equation on a maximal 

time interval [0, T max ) satisfying u(0, x) = uq(x) and Ut(0, x) = u\{x). In addition, 
u{t, x) satisfies 

(2.3) E{t) = E(0) 
where 

(2.4) E{t) = -J (\u t {t,x)\ 2 + \u{t,x)\ 2 + \Vu{t,x)\ 2 - 2F(u(t,x))) dx. 
In order to state the main result, we next define a function, 

(2.5) I{u) = J(\u(x)\ 2 + \Vu(x)\ 2 )dx — J f(u(x))u(x)dx. 

Now we are in the position to state our main result: 

Theorem 2.2. Let /(s) satisfy the assumption U.ty) . If the initial datum (uq, ui) € 
i?o(R n ) x L 2 (R n ) satisfies that 

(2.6) E(0) > 0, 

(2-7) Ikoll 2 > 2 -^ ± ^E(0), 

e 

(2.8) I(u Q ) < 0, 

(2.9) / u uidx > 0, 



where e > is the constant in U.2\) . then the corresponding local solution u(t, x) of 
the equation will blow up in a finite time T max < oo ; that is to say, 

(2.10) lim \\u(t, -)|| 2 -> oo. 

3. Proof of Theorem 2.2 

The proof is split into two steps. 
We first prove that 

(3.1) | Kv) || 2 >^±£)£ ( o), 

e 

(3.2) I(u(t,-))<0 

for every t 6 [0, T max ). 

We prove I(u(t,-)) < for every t £ [0, T max ). Suppose to the contrary that 
there exists a time T > such that 

T = min{t S (0,T max );/(u(t,-)) = 0}. 

We now define an auxiliary function: 

(3.3) G{t) = J \u(t,x)\ 2 dx. 
By simple computations we have 

(3.4) G'{t) = 2] uu t dx, 



(3.5) \G"(t) - / \u t \ 2 dx + I (f{u)u - \Vu\ 2 - \u\ 2 )dx. 



Noting the assumption I(u(t, •)) < for every t £ [0, T), we obtain G"(t) > for 
every t £ [0, T), which implies that G'(i) is strictly increasing on [0, T), then by 
(|2.9|) we see G'(i) > for every t £ [0,T). In other words, we obtain that G(t) is 
also strictly increasing on [0, T). Thus we obtain 

G(i) > G(0) > 2(2 + £) £(0) 
e 

for every i £ (0, T). From the continuity of u(t, x) at t = T it follows that 

(3.6) G(T) = NT, -)|| 2 > 2 i 2 -tfls(0). 
But, by (12.4(1 it is obvious that 

|KT,-)|| 2 +||V M (T,.)|| 2 -2 f F (u(T,x))dx<2E(T) = 2E(0). 
Noting the assumption I(u(T, •)) = and (II. 2p . we have 

||u(T,.)|| 2 + ||V U (T,-)|| 2 > (2 + e) J F{u{T,x))dx, 
we now obtain 

(3.7) \\u(T, .)|| 2 + ||V«(T, -)|| 2 < ^±^E(0). 



c 



Obviously there is a contradiction between (|3.6[) and p.7p . Thus we have proved 
that for every t £ [0, T max ) 

(3.8) I(u(i, •)) < 0. 

By the proof above, we also see that, if I(u(t, •)) < for every t £ [0, T max ) then 
G(t) is strictly increasing on [0, T max ). Thus p.8p implies 

(3-9) || U (i,.)|| 2 >^f^i?(0) 

for every t £ (0,T max ). 

Therefore we have completed the proof of (|3.ip and (13. 2p . We next prove the 
blow up result of the equation (|1.1[) . 

By ((3751) and (HHJ), we see that 



1 G"(t) = / |u t | 2 da;- / (|u 2 | + | Vw| 2 )da; + / /(u)udx 
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> (2 + -) / \u t \ 2 dx + - I (\u\ 2 + \Vu\ 2 )dx - (2 + e)E(0) 



> (2+ € -)j \u t \ 2 dx. 

By the Schwarz inequality, we therefore have 
(3.10) 

G"{t)G(t) - i^(G'(t)) 2 > ( 4 + e )|y l u l 2rfa; / l"t| 2 ^" ( / uu t dx 
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4 + e e 
for every t G [0, T max ). As — - — > 1, letting a = —, we have 

(3.11) (G- a )' = -aG- a - l G'{t) < 0, 

4 + e. 



(3.12) (G~ Q )" = -aG-"- 2 







G"(i)G(i) - —(G'(t)) 



for every i G (0, T max ), which means that the function G ° is concave. Obviously 
G(0) > 0, then from (|3~T2")| it follows that the function G~ a -> when t < T max 

(Tmax < )■ Therefore, we see that there exists a finite time 

(3.13) lim ||M(i,-)|| 2 ^ oo. 

Thus, the proof of Theorem 2.2 is completed. 

4. Some remarks 

First we consider a special case of the nonlinear power f(u), which is the typical 
form of the nonlinear power, f(u) = with 1 < p < and n > 2. We 

define the following action 

(4.1) J(u) = \J (\u\ 2 + |V U | 2 - ^jH P+1 ) dx. 
As in [2], we have that 

Theorem 4.1. There exists u(x) G M, sweft that 

(4.2) d = inf J(u) = J{u) 

where M = {u G ff 1 ^"); J(u) = 0, u ^ 0}. Moreover, u is the ground state of the 
following elliptic equation 

-Au + u = u p , u G H 1 (M n ). 

Thus, when E(0) < d, as in the first part of the proof of Theorem 2.2, we 
can prove that if there exists T such that I(u(T, •)) = 0, the function u(T,x) G 
i/ o 1 (R™)\{0} satisfies 

(4.3) I(u(T, •)) = 0, 

(4.4) J(u(T,-))<E(T)=E(0)<d. 

This contradicts Theorem 4.1. Thus for the case E(0) < d the blow-up result holds. 
This reproduces the result in [16] [11] . 

Secondly, we consider an example to which our method is applicable. For the 
damped wave equation (|1.3[) with p — 1 and q(x) 2 — m 2 — 1, we define the auxiliary 
function G(t) corresponding to (|3 . 3|) in the following form 

G{t)= J \u(t,x)\ 2 dx + J \\u{r,-)\\ 2 dT + {T -t)\\u \\ 2 , 

where To > is some constant. Then the argument in [2] proves I(u(t)) < 0. Thus 
similarly to the proof of our Theorem 2.2, we get the blow up result for the damped 
wave equation. 
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